
Journal ofEngineeringPhysics and Thermophysics, Vol. 69, No. 1, 1996 
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N A R R O W  R I N G  O F  I L L U M I N A T I O N  
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Based on a solution of the problem of the temperature effect of  instantaneous heat sources untformly 

distributed tn a thin plane ring on the boundary of a semiinfinite body and different approxtmations of  that 

solution, we constructed a dynamic model of a thermal field on the surface of  a material heated by a laser 

pulse in a narrow ring of  illumination. 

Statement  of the Problem. Initial Equations. A two-dimensional  nonsta t ionary  heat conduction problem for 

a semi-infini te  body with heat supply to it through a thin plane ring on the surface was solved in 11 ] (sec also 

[2 ]). The solution is represented by double series whose terms are determined by the convolution of source function 

with a complex mathematical  expression containing Whittaker functions of different orders. In the present work we 

seek possible approximations of this solution as applied to the condit ions of material heating by short pulses of 

laser radiation focused in a narrow ring of i l lumination. 

Let RI and  R2 be the inner  and outer radii of the ring within which a plane heat source of specific power 

q(r) acts from the time moment r = 0. A general solution in the image space for the region 1 (0 -< r < R l,z _ 0) 

can be written in form 

F l ( r ,  z ,  s ) = 2  F(s)  Of_cos (p~)  s o ( r q p  2 + s / a )  x 
:rA ~ V'p2 + s l a  

X IRIK I (R I ~ p2 + s / a )  - R2K 1 (R 2 ~/p2 + s / a )  I dp ,  

m 

where O(r, z, s) is the Laplace transform of @(r, z, r) = T(r, z, r) - T 0 with respect to r and q(s) is the Laplace 

transform of q(r). The solutions for regions 2 (R 1 <_ r < R 2, z > 0) and 3 (R2 < r < m, z > 0) are similar. For 

points of the body that lie on the surface (z = 0), transition from the space of transforms to the space of inverse 

transforms is possible in analytic form. The solution takes the form I1 1 
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Here,  IV,,,,,(. ) a re  Whi t t ake r  functions,  (2m - 1)!! = 1 .3 .5 . . . . ( 2m - 1), 

An,m = (2rn - 1) ! !  - .  
4nn ! m  ! ( n -  m) ! 

In [2] the integrals  enter ing into (1) were calculated for two par t icular  cases: q(z) = U(r) and  q(r)  = 

,U(O - U(r - to),  where  U(r) is the Heavis ide  function. These  correspond to step and rec tangular  pulses. We shall  

be in teres ted  in the response of the system (the surface of a semi- inf ini te  homogeneous  and isotropic body) to a 

a -pu l se  thermal  action: 

q (T) = C~3 ( r ) ,  (3) 

where ~3(.) is the Dirac del ta- funct ion;  O is the energy dens i ty  of the pulse. In o rde r  words,  we will bc in teres ted  

in G r e e n ' s  l ime function or in the function of the tempera ture  effect of ins tantaneous  heal sources 13] for a 

boundary-va lue  problem formula ted  in [1 I for a semi- inf ini te  body heated through a plane thin ring on the surface. 

This function is of practical  interest  for many problems of laser  technology, since it gives a good approx imat ion  of 

the dynamics  of a t empera tu re  field excited on the surface of a mater ial  by short  {smaller than 1 msec) laser  

rad ia t ion  pulses in a r ing zone of i l luminat ion.  The solution of the problem for a source of the form q(r) = 

U(z) - U(r - to) is su i t ab le  for invest igat ion of the the rmophys ica l  proper t ies  of mate r ia l s  unde r  laboratory '  

condi l ions ,  when one manages  to realize rectangular  heat pulses in practice [4 ]. A source of the form qtz) = 

Q)6(O cor responds  largely to the condit ions of pulse heating of a mater ial  by radiat ion focused in a r ing zone of 

i l lumination {see, for example ,  151). 

Funct ion of T e m p e r a t u r e  Effect of Ins tan taneous  Heat Sources .  AI q(r) = QJb(z) Eqs. (1) take the form: 
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r 01 RI ~ ~ to r 
= -  - - ro An m exp S,m ~ (x 1) 

n=o m=o ' ) 

(1 ,.+,,,,,0 ] - ~ -  exp - Shin(x2) ; 

g)2 = R2 - ~ An. m exp - Snm (x2) - 
r 0 n=O m=O 

' exp - Snm (x) ; 
,~=o m=o 2 (n + I) 

(4a) 

(4b) 

~)3 -- R2 n A n m  R2 2(n+l) R1 2(n+l) m+3/2  
r0 E ' 1 -- exp -- Snm (x). (4c) 

,~=o ,.,,=o 2 (n + 1) 

This  is actual ly  the function of the tempera ture  effect of ins tan taneous  heat sources for the problem considered.  

Here,  the following notat ion is adopted:  

CR i 
~D,. = ~ - - Q - O i ( r  , O,  r ) ,  an,,, (x)  = W n _ m / 2 + l / 4 , m / 2 _ l / 4  ( x ) ,  

Sire , (x)  = W , , _ m / 2 + 3 / 4 , m / 2 + l / 4  (x)  , x = r /(4ro), x i =  R / ( 4 r  ; 

(5) 

C = c3' is the volumetric  heat capaci ty ,  and  the coefficients An, m are  def ined by formula (2). The  funct ions 

Sire(x) and Shin(x) differ from each other  by a shift of the indices (v,/r in the appropr ia te  Whi t t ake r  functions 

Wv4 , by (1/2 ,  1/2).  The  time dependence  of tempera ture  in these relat ions is expressed  in terms of the diffusion 

depth,  i.e., the pa ramete r  

r0 = g - ~ - ,  (6) 

which de te rmines  the dis tance over which the isothermal surface is d isplaced in the body for the t ime r due to 

diffusion. 

At R I = R 2 all three express ions  (4) vanish. For  the functions Ol ( r ,  O, r) and O3(r, 0, r) this is seen direct ly  

from Eqs. (4a) and (4c). For | 0, r) this becomes evident from a considera t ion of its L;aplace t ransform 

0 2 ( r ,  z ,  s ) -  
2R2~ ( s ) )  cos (pz) 1 

dp 
R 2 ~ + x / p  

- [1 o (r ~/p2 + .,./p) K, (R2 g77p + .v/t,) + 

R I < - r < - R  2 , 

with al lowance for the formula for the Wronskian of the Bessel functions [6 ]: 
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1 W4K~ (=), /. (~)l = / ~  (~) Kv+l (z) + 1,,+1 (z) K,, (z) - 
t J z 

T h e  d i s t r i b u t i o n  of in tegra l  t e m p e r a t u r e s  can be found  with the he lp  of the equa t ion  

(T i(r 1 < r_< r 2 ,  0 ,  l )  - TO) - 
2 r2 

2 2 f ' -D i ( r '  0 ,  r)  r d r .  
r 2 - r 0 r I 

With the use  of the t a b u l a t e d  i n t eg ra t i on  fo rmula  from [7 l, Eqs. (4a ) - (4c )  y ie ld  

R '  ~ ,  ~ ~n [ ( r ~ l )  2n ( r~ l )  
((~)1 (rl -< r _< r2 ,  0 ,  r))  = r 7  r/ + I A ' ' rn  

r~=O n l=O 

re+l , ,2 

' 1 -- (r  1/r2)  2 

R2{ 
( 0  2 ( r  I --< r --< r 2 ,  0 ,  r ) }  = 7 0  re'2 - - -  

• 

m +  I / '2  

• E E + 1 "o 
n = O  m = O  

n=0 m=0 n T I "t~,m x 

- exp  

2) exp  - rl 

- -  S n m  ; 
(7) 

2 ~ n A n m l R 2 2 2 n  
_ m + I ' 2 A R 2 E _ ._z, _ ro • 

k 

X r - ( m + l ~  2) exp  - ~ [  Snm - r - ( m + l ~ 2 )  exp - Snm . 
14ro) 8r0 (4r0J  J 

Here ,  lhe l e m p c r a t u r e  no rma l i za t i on  is the same  as in (4). T h e  u p p e r  and  lower l imits  of i n t eg ra t ion  r I a n d  r 2 for  

each region a rc  se lec ted  s e p a r a t e l y ,  i.e., 0 _< r I < r 2 _< R I for the f irst ,  Ri < rl < r2 < R2 for the s econd ,  and  

R 2 _5_< r I < r2 < co for the th i rd  region.  
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1 To calculate Snm and S,~rn at small and large values of x, we can use formulas of asymptotic expansion and 

the limiting formulas for the Tricomi function U ( a ,  b, z) [6 I, with which the Whit taker function is associated b y  

the relationship 

Wk,, (z) = ex p - z U ( I / 2 + / ~  - k ,  I + 2 / ~ ,  z) ,  

k = b / 2 -  a ,  /~ = b / 2 -  1 / 2 .  

We will need, in particular, the relations 

--td 
U ( a ,  b ,  z ) = z  U • l  (a),, (1 + a - b),, z)" 

n !  ( -  + 0 ( I z l  
n=O 

- J) 
- z 2 a F o ( a ,  1 + a -  b ;  - z 

and 

Wk, u (x) - exp - x 2 F  0 ( a ,  1 + a - b ; - x , 

2 2 which are valid at large values of x - R l / r  o. We will also need the differentiation formulas 17, 81 

d.--~- x ' exp - Wk,,, (x) = -  x exp - W,~+I/2,~,+I,, 2 (x) , 

(8) 

(9) 

A Model of the Tempera ture  Field on the Surface of a Body Heated in a Narrow Ring of I l lumination by 

Laser Radiation Pulses. Approximating Relations. Assuming the laser radiation pulses to be short as compared 

with time r from the start of the pulse to the moment of observation, we shall construct a model based on a solution 

of the problem for the case of ins tantaneous heat sources, i.e., on formulas (4a)-(4c). 

To simplify manipulat ions,  we shall avail ourselves of an approximation based on the smallness of the 

quantities 

c~ = r _ R I < < R I  ' R1 <_r<_ R 2 ,  A = R 2 _ R I  < < R I  " (11) 

In the majority of technical applications associated, in particular, with measurement  technique and laser technology 

these condit ions are fulfilled [5]. Usually A / R j  < 0.01. It is also necessary thal the following inequali ty bc 

satisfied: 

2 (12) 
A < r o / R  1 , 

i . e . ,  the moment of observation r should not be too small. 

Using the formula for expansion into a Taylor series and differentiation formula (9), we reduce Eqs. {4) 

with allowance for inequalities t I 1) and (12) to the form 
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- I (:-o) O 2 = A exp - 

3," 2 

/1=0 

211 
n 

E A~,~ S'o,,, Ix), 
m = O  

(13) 

Og = A e x p  - 
n = 0  

2i'1 

2 A~.., s'o., !x/. 
r n = 0  

Here 

--*@i = O i / ( E / C R 3 )  , R = (R I + R 2 ) / 2 ,  A - 
1 

L-~ ",/Z 

S,2,,~ (x) = w . _ , n / 2 +  3/ 4,.zj 2+3 . ,4  ( x ) .  

(14) 

The quant i ty  E = 2 ~ R A Q  designates  the total energy in the pulse of thermal action. 

In a number  of cases when the material  is exposed to short laser radiation pulses through a ring of 

i l lumination,  we are interested in the temperature  field at the time moments for which the depth of diffusion r 0 is 

much smal ler  than the inner  radius of the ring R]. The condition 

2/  2 (15) 
x I = R I ,  4r 0 >> 1 

allows us to make a fur ther  s impl i f icat ion of formulas (13) with the aid of formula (8) for the asymptot ic repre- 

sentat ion of the Whi t taker  functions. When x] >> 1, we have 

In addit ion to the principal term of the asymptotic expansion, relation (16) also takes into account the portion of 

the remainder  term, that is independent  of x in an approximation of large values of n: ( - l ) n n ! .  On substi tut ion of 

(16) into (13), the series are curtailed, i.e., they become the series of expansion of the Bessel functions 

I o /  =Oi /4 :J 
2n 

2n+ I 

and of the exponent  

exp - = ( -  I 
/1 = 0 

In this case we obtain 

�9 
O 1 . . . . . . . . . .  cxp ] -  (x I + x ) ] l  0 , 0 < r_< R 1 , 
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, 1 r 
- exp ( -  2x) 1 o 

E)2 4~r 
R 1 < - r < - R  2 , 

(17) 

- exp [ -  ( x  + x2) 
| 4Jr v~- 

R2 < _ r < o o ,  

or in an asymptot ic  approximat ion  of the Bessel functions lo(x) - l l ( x )  - [ 1 / ( ~ )  I ~ (x) Eq. (17) y ie lds  

~ (18a) 
exp l -  (RI - r )%' (4r  )1 ,  0 ~ r ~ R I :  

2 

0 2 = 47c2 - _ 
(18b) 

�9 2 , ,  2 (18c) 
03  = - - 4 2  ( ~ r 0 j  exp I - - ( r - -  R 2 ) / ( 4 r 0 )  I , R 2 _ < r <  oo . 

Here | = O i / ( E / C R 2 r o ) ,  E = Z~rRAQ,  A = R 2 - R I << R;.  

These  equations represent  the simplest  but slitl accurate  (at small  values of A / R  I and r o / R  1) model of a 

tempera ture  field excited on a mater ial  surface by short  laser  radiat ion pulses in a bundle  of annu la r  shape.  

We cannot  regard the derivation of Eqs. (18) as ent i re ly  rigorous.  There  is uncer ta in ty  in the es t imate  of 

the r ema inde r  term in the asymptot ic  formula (16). The associated error  is small but can manifes t  itself in the 

summation of series {13). Therefore ,  we shall give another  der ival ion of Eqs. (18) that is free of the indicated 

uncerta inty.  

We shall  proceed from the solution in the space of t ransforms.  For  the first region 0 < r < R I it is wri t ten 

in the form [21: 

e (r ,  0 ,  s) = ~ IJ~ (R~) - J~ (R2) I, 

where 

oc 
J~ (R~) = R,. f K, (R,.x) 0 x 10 ( r x )dp ,  x -  Vr[f  2 +  s / a .  

[:or a narrow ring the solution can bc simplified by expanding JI (R2) into a Taylor  series in A = R? - R[ << R I . 

In this case we obtain 

~ l ( r ,  0 ,  s ) =  2q (s) AR I .~ (Rlx)  I0 . 
. ~  K 0 (rx)  dp  

o 

In an asymptot ic  approximat ion of large values of x 

K0 (Rlx)  10 (rx) - 
2 ~ R l r  

1 
e x p  1-- ( R  1 - r ) x [ .  

x 

Since 

52 



o~ 

f exp l -  (R 1 - r) ~ +  a / s  dp = K 0 

o q pZ + ~/,,. 

.-R 1~- r q-sl 

(see [7 ] p. 346), then with a l lowance for the formula for the inverse Laplace t ransform 

1 
L - I  IK 0 (k ,/7) I = :2r exp [ -  k2 / (4 r )  1 

for the case of ins tan taneous  sources q(r) = Qc~(r) we have 

l "2 l (D I ( r ,  0 ,  r) - 2orCr2 exp - --~ , 0 < r < R 1 . 
4r 0 

This relat ion coincides with Eq. (18a). S imi lar ly  we derive formulas (18b) and (18c). 

C o m p a r i s o n  with Known Results  for a Nar row Ring and a Disk. Let us compare the results  ob ta ined  with 

known solut ions of the problem of hea t ing  of a semi- inf ini te  body for two par t icular  cases of exposure  of the surface 

to ins tan taneous  heat  sources of axial  symmet ry .  This is the case of an infinite thin r ing and a disk [9 ]. 

1. An ins tan taneous  heat  source with pulse energy E acts on the surface of a body along a circle R at time 

t = 0. The  t empera tu re  at the point with the coordinates  r, 0, -~ at this time t is de te rmined  by the express ion [9, 

lOl: 

(9 ( r ,  z ,  t ) -  r2 R2 l ( E / C )  1 f exp - + + - 2rR cos_~| - O')  
4 (srat) 3 /2  Z~r o -4-at d O ' =  

( E / C )  exp - + + z2. 10 rR 
4 (~at)  3 /2  4at 2-~ ' 

(19) 

where I ( . )  is a modif ied Bessel function; C is the volumetric heat capaci ty  of the body. This  expression is ob ta ined  

by integrat ion of the fundamenta l  solution (Green function) over the circumference for an ins tan taneous  point 

source with coord ina tes  x ' ,  y ' ,  z' on the surface of a semi- inf in i te  body: 

t _  ,,)2 } v ( x ,  .v, z ,  t) = ( O / C )  exp (x  -- X ' )  2 + _ _ ~ - -  ) ,  + (z -- z') 2 
4 (:rat) 3 /2  4at " 

For integrat ion we assume that the energy of the point source is QRdO and the total energy in the r ing E = 

2~R(2. 
With account for the asymptot ic  formula 

1 o (x) - cxp 
r 

Eq. (19) for small  values of r2/ 'rR yields 

[ r ' l   20, (9 (r - l) = (E"C')  exp - exp - 
' ~ '  2 2 - - 2 -  ' 

4~ r 0 r 4r 0 

where re is the depth  of heat  diffusion de te rmined  from formula (6). At R = R2 and z = 0, Eq. (20) gives Eq. (18b). 

2. An ins tan taneous  source acts over a disk of radius  R. For this case the solution is ob ta ined  from Eq. 

(19) by integrat ion wi th  respect to r '  af ter replacing R by r '  and E by 2arQr'dr' in this equation. "['he solut ion has 

the form 
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O ( r ,  z ,  I ) -  
( E / C )  R ( 

2R 2(.rtat)3,2 O f exp 

r + r + z 2 rr' 

4al 

(E/C) 
2R (:~a0 3!2 exp 

- exp ( -  at22) J0 (2r) JI (2R) d,~ . 
0 

In general ,  lhe integral  is not expressed in tabular  functions; however, at r = R it can be calculated.  The  solution 

takes the form 

0 (R z t) = ( E / C )  R 2 2 
' ' ~n:3/2R~r 0 I - exp - exp - . (21) 

F o r m u l a  (21) a g r e e s  with fo rmula  (4b) .  By p e r f o r m i n g  the  l imi t ing  l r a n s i t i o n  z----0 a n d  s i m p l e  

t ransformat ions ,  from Eq. (4b) at R l = 0 and r = R2 = R for z = 0 we obta in  

R 1 ( E / C )  
0 2 (r  -~ 0) -- ~ O 2 = 

r 0 ~ ~r 3~ 2R2r0 

This equation coincides with Eq. (21) for z = 0 and r - - ,  0. 

N O T A T I O N  

Oi(r, 0, r) = Ti(r, z, r) - T O at z = 0, excess temperatures  of semi- inf in i le  body in cor responding  regions 

where the quant i ty  r varies (see text);  T o, initial temperature;  R2, R I, r, outer  and inner  radii  of the ring heat 

source and the ins tantaneous  radius;  z, r, ins tantaneous  (cylindrical)  coordinate  normal to the surface of semi- 

infinite body and cur ren t  time; p, s, pa ramete r s  of Four ier  infini te integral  cosine t ransform and  of Laplace 

transform; q(r ) ,  a rb i t r a ry  tin time) dens i ty  of a heat  flux in a given local region of hea l ing  for a source;  a, 2, b, 

thermal diffusivity,  thermal  conductivi ty,  and thermal activity; C, volumetric heat  capaci ty  of semi- inf in i te  body 

equal to c3,, where c and 7 are  the specific heat capacity and dens i ty  of the material ;  An,m, constant  thermal 

ampl i tudes  (see text);  U{r), unit s tep Heaviside function; W&~(x), Whi t t aker  function; F0(a, b, x), genera l ized  

hypergeometr ic  function; 1,,(') and  K,,(.), modified Bessel functions of the first and th i rd  kind of the nth order ;  

cS(r), Dirac del la- funct ion.  
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